Multi-messenger Probes of Inflationary Fluctuations and Primordial Black
  Holes by Unal, Caner et al.
Multi-messenger probes of massive black holes from enhanced primordial fluctuations
Caner U¨nal,1 Ely D. Kovetz,2 and Subodh P. Patil3
1CEICO, Institute of Physics of the Czech Academy of Sciences, Na Slovance 1999/2, 182 21 Prague, Czechia
2Department of Physics, Ben-Gurion University of the Negev, Be’er Sheva 84105, Israel
3Niels Bohr International Academy, Niels Bohr Institute, Blegdamsvej 17, 2100 Copenhagen, Denmark
Next generation cosmic microwave background spectral distortion and pulsar timing array experi-
ments have the potential to probe primordial fluctuations at small scales with remarkable sensitivity.
We demonstrate the potential of these probes to either detect signatures of primordial black holes
(PBHs) sourced from primordial overdensities within the standard thermal history of the universe
over a 13-decade mass range O(0.1−1012)M, or constrain their existence to a negligible abundance.
Our conclusions are based only on global cosmological signals, and are robust under changes in i)
the statistical properties of the primordial density fluctuations (whether Gaussian or non-Gaussian),
ii) the merger and accretion history of the PBHs and assumptions about associated astrophysical
processes, and iii) clustering statistics. Any positive detection of enhanced primordial fluctuations
at small scales would have far-reaching implications, but their non-detection would also have im-
portant corollaries. For example, non-detection up to forecast sensitivities would tell us that PBHs
larger than a fraction of a solar mass can constitute no more than a negligible fraction of dark
matter. Moreover, non-detection will also rule out the scenario that PBHs generated by primordial
overdensities could be the progenitors of super-massive black holes (SMBHs), of topical interest as
there are only a few widely accepted proposals for the formation of SMBHs, an even more pressing
question after the detection of active galactic nuclei over a billion solar masses at redshifts z ≥ 7.
Cosmic microwave background (CMB) spectral distor-
tion [1–4] and pulsar timing array (PTA) [5–8] observa-
tions promise to reveal precious information about cos-
mic evolution from the inflationary epoch through to the
late universe. A key aspect of CMB distortion and PTA
observations is that they probe primordial fluctuations
at comoving scales much smaller than those accessible
to CMB anisotropy and large scale structure (LSS) sur-
veys. In this study, we show that the two in tandem
offer a multi-messenger window through which one can
make definitive statements about primordial black holes
(PBHs) generated from enhanced curvature fluctuations.
We extend previous studies [9–17] and show how this
mechanism can be either confirmed or ruled out as a pri-
mary channel to generate black holes in the mass range
O(0.1− 1012)M that form a significant part of the cos-
mic energy budget within the standard thermal history.
Current constraints allow for PBHs to constitute some
fraction of the total dark matter density (for recent re-
views, see Refs. [18–20], and a recent analysis, Ref. [21]).
Confirmation of the existence of PBHs will be remark-
able from the point of view of fundamental physics. Were
they sourced from enhanced primordial curvature pertur-
bations, their presence could reveal invaluable informa-
tion about the relevant operators and field content that
sourced primordial density fluctuations at far smaller
scales than probed by CMB anisotropy and LSS surveys.
Meanwhile, non-detection of spectral distortion signals
and stochastic gravitational wave backgrounds to fore-
cast sensitivities of proposed experiments will set con-
straints on the dimensionless primordial power spectrum
Pζ as strong as Pζ < O(10−8) for 102 < k/Mpc−1 < 104,
and Pζ < O(10−5) for comoving scales 104 < k/Mpc−1 <
107. This would imply that PBHs with masses ranging
over 13 decades could make up only a negligible fraction
of the cosmic energy density and rule them out as seeds
for super-massive black holes (SMBHs), thereby allowing
to constrain one of the more plausible formation channels
for SMBHs. Among various suggestions, the most widely
accepted ways to produce SMBHs (see reviews [22, 23]
for more details) are i) supercritical growth of tens of so-
lar mass population III stars [24–26], ii) heavy seeds of
O(104 − 106)M from the direct collapse of gas clouds
[27–29], and iii) PBHs of O(10−103)M seeding SMBHs
in the very early universe before recombination [30–34].
We will show that these conclusions are robust under
changes in i) the statistical properties of the fluctuations
(whether Gaussian or non-Gaussian); ii) the PBH evolu-
tion history, namely their merger history and accretion
rates, as well as any additional assumptions regarding
associated astrophysical processes (see e.g. Ref. [35–39]);
and iii) clustering effects (see e.g. Refs. [40–48]).
PBH formation from primordial density perturbations
requires them to be significantly amplified at scales
smaller than those constrained by CMB anisotropies.
One immediate consequence of this amplification is
that gravitational waves are also sourced by anisotropic
stresses quadratic in the scalar density perturbations. Af-
ter horizon re-entry, these large density perturbations
induce a potentially detectable stochastic gravitational
wave background (GWB) via this nonlinear process,
sourced schematically by an interaction of the form ζ +
ζ → h [49–51]. If these density perturbations correspond
to comoving scales between O(103−108) Mpc−1, then the
resulting GWB falls within a frequency range that is po-
tentially detectable via pulsar timing arrays. Similarly,
large density fluctuations can potentially induce observ-
able µ−distortions of the CMB spectrum through acous-
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2tic dissipation in the pre-recombination photon-baryon
plasma if these enhanced perturbations correspond to co-
moving scales O(1 − 105) Mpc−1, as CMB photons can-
not thermalize perfectly for the modes that re-enter the
horizon after z ∼ 106 [52]. Therefore, depending on the
re-entry scale, enhanced primordial density fluctuations
leave inevitable imprints on global cosmological signals.
These signals are unavoidable since they do not require
any further assumptions other than the standard thermal
history of the universe supplemented with amplified pri-
mordial density fluctuations that could produce PBHs.
We start with the relation connecting the mass of a
PBH and the wavenumber of the fluctuations [16]
MPBH,0 = A(M)M(M) Mseed
' AM 20 γ
(
k
106 Mpc−1
)−2
M, (1)
where A and M are accretion and merger amounts for
the corresponding BH mass, discussed further later. γ is
the ratio of the PBH mass to the mass inside the causal
horizon. Under certain assumptions for PBH formation
during radiation domination, we can set γ to be 0.8 [53].
However, it can also be viewed as a phenomenological
parameter that varies under differing assumptions for the
collapse mechanism which we discuss below.
The initial fraction of causal horizons that turn into
PBHs can be calculated in either the Press-Schechter or
the theory of peaks formalism as
β =
∫ ∞
∆c
P (∆) d∆, (2)
where P (∆) indicates the probability distribution func-
tion of ∆, the density contrast. In Ref. [54], it was found
that both Press-Schechter and peaks-theory calculations
were in relatively good agreement. However, a more re-
fined treatment in Ref. [55] found that there was up to
an order of magnitude discrepancy between the two ap-
proaches, although this is dwarfed by the uncertainty in
precise value of ∆c, the critical threshold value for the
formation of PBH. Numerical studies have shown that
there is no universal value for the critical threshold, and
that it lies roughly within the range 0.3 <∼ ∆c <∼ 0.66
[18], an entirely natural consequence of the fact that dif-
fering radial profiles and shapes of the overdensities lead
to collapse at different threshold values [53, 55–59].
The source of density perturbations are primordial cur-
vature perturbations, typically taken to be Gaussian (G).
If, as widely accepted, these primordial perturbations are
inflationary in origin, they can be enhanced by various
interactions in multi-field scenarios (such as gauge-axion
coupling, waterfall transitions) or experience quantum
diffusion and non-single clock effects in an ultra-slow roll
stage. In such cases the density fluctuations can become
non-Gaussian (NG) [60–88]. Moreover, if certain inter-
actions are strong enough, the curvature perturbations
obey chi-square (χ2) statistics [16, 82–85]. As an exotic
case, the cube of the normal distribution (G3) can also
be considered for the fluctuations, although this is much
harder to produce as it requires the presence of additional
irrelevant operators suppressed by some UV scale.
To capture a wide range of local non-Gaussianities, we
parameterize the curvature perturbation as ζ = h(ζG),
where ζG is a Gaussian field. The local ansatz that in-
forms the templates typically used to search for primor-
dial non-Gaussianity can be expressed, for example, as
h(ζG) = ζG +
3
5
fNL
(
ζ2G − σ2
)
+
9
25
gNLζ
3
G + ... (3)
from which the non-Gaussian probability distribution
function for ζ is straightforwardly calculated as
PNG(ζ)dζ =
n∑
i=1
∣∣∣∣dh−1i (ζ)dζ
∣∣∣∣PG (h−1) dζ, (4)
where the summation is over all the branches after having
inverted the polynomial, Eq. (3). For curvature fluctua-
tions obeying G, χ2 and G3 distributions, the formation
fractions are given by evaluating the integral in Eq. (2)
for the density perturbations expressed in terms of ζ and
the corresponding ζc, and are given by [16, 61, 65, 82–84]
βG = Erfc
(
ζc
/√
2Pζ/K
)
,
βχ2 = Erfc
(√
1
2
+
ζc√
2Pζ/K
)
,
βG3 = Erfc
[(
ζc
/√
8Pζ/15K
)1/3]
. (5)
Some explanation is due here. First, we note that PBH
formation is a highly nonlinear process, and the resulting
abundance is affected by the nonlinear nature of grav-
ity. Even if the primordial curvature perturbations were
perfectly Gaussian, the density contrast relates to the
curvature perturbation during radiation domination as
∆ = −8
9
e−5ζ/2∇2eζ/2
a2H2
, (6)
and this renders the overdensity and PBH formation in-
herently nonlinear. It has been found that this nonlin-
earity makes PBH formation harder. Incorporating the
leading effects of these non-linearities within the Press-
Schechter and peak theory formalism, results in a differ-
ence of approximately a factor of 2 with respect to the
standard threshold integral [89, 90], which sets the pa-
rameter K = 2 in the previous expression above. The
former analyses were done for Gaussian curvature fluc-
tuations (see also Ref. [91]). Including effects of mild
non-Gaussianities, one expects further O(1) difference,
although significant deviations could result for much
stronger ones [92]. In what follows, we pick ζc = 0.5.
3We can relate β, the fraction of causal horizons that
collapse into PBHs as a given density perturbation mode
re-enters the horizon during radiation domination, to the
current energy density in PBHs of mass M , using [16]
ΩPBH,0(M,A,M) = ρPBH,0(M,A,M)
ρcrit,0
' 2 · 108γ1/2A
√
AMM
M
β
(
M
AMM
)
, (7)
where A and M encapsulate the PBH mass growth via
accretion and mergers, respectively (assuming the ini-
tial mass function shifts to higher mass via mergers and
accretion by constant amounts A,M ≥ 1). It is obvi-
ous that both A and M are functions of M (for exam-
ple, heavier BHs accrete more and one generally expects
A ∝ Mp, p > 0). However, the functional dependence
has no important effect on our conclusions since our main
aim is to estimate the PBH energy density fraction, β, at
the formation time. This quantity is extremely sensitive
to the amplitude of the perturbations, and a few orders
of magnitude change can be easily recovered by a factor
of a few change in the density perturbation amplitude.
Integrating over all masses, we get the total energy den-
sity in PBHs today, ΩtotPBH,0 =
∫
ΩPBH,0 d lnM . Neither
mergers nor clustering properties modify the global cos-
mological signals discussed in this work, furthermore they
do not change the energy budget in PBHs if GW leakage
is ignored during mergers. Hence, our conclusions remain
intact for different merger rates and clustering statistics.
We note that while a broad density spectrum can mod-
ify local observables such as the BH mass function, clus-
tering effects and forthcoming astrophysical processes, it
will only enhance the global cosmological signals we fo-
cus on (see [15, 93, 94, 112]). To be conservative, we
choose the narrowest possible spectrum (for a fixed PBH
abundance, increasing the width by a few orders of mag-
nitude only yields a factor of a few decrease in the density
perturbation amplitude).
A primary goal of this work is to constrain PBHs as
SMBH seeds. We can estimate the approximate current
energy density in SMBHs as follows: There are roughly
1012 galaxies within our current Hubble volume [95], of
which approximately 10% are large galaxies, most of
which are thought to have a SMBH at their galactic cores.
Assuming their average mass is between 106 − 108M,
and given that the total mass in the universe is about
3 · 1057gr, we see that M totSMBH ∼ 1011 · (106 − 108)M ∼
2 · (1050 − 1052)gr, so that 10−7 <∼ ΩSMBH <∼ 10−5.
Constraining ΩPBH down to 10
−10, as we show is possi-
ble with future observations, would quite conservatively
imply that there must be some formation channel for
SMBHs other than enhanced primordial perturbations.
As the primordial power spectrum is constrained to
be approximately scale invariant at scales probed by
CMB anisotropies, it must grow substantially at smaller
scales in order to cross the critical threshold to produce
PBHs. It is common to consider delta function spikes in
the power spectrum (which then induce log-normal mass
functions), however this growth in power is unphysical.
In Ref. [10], a steepest growth index of k4 was found
in the context of canonical single field inflation. In a
two-field setting, allowing for isocurvature interactions,
a steepest growth index of ∼ k5 was uncovered [96, 97]1.
Therefore, we consider the power spectrum to satisfy
some fastest growth Pζ ∝ kn up to some scale kc where it
must cut off. In order to be conservative (in the absence
of any first principles derivation of a steepest growth in-
dex), we consider a range of values from 4 ≤ n ≤ 8,
where we take the latter as an extreme case to allow for
multi-field effects. This leads to the following expression,
Pζ = 2 · 10−9 +Ap
(
k
kp
)n
Θ(kp − k), (8)
where Θ is the Heaviside step function. The primordial
power spectrum amplitude Ap and its peak wavenumber
kp, given in Eq. (8), are shown in dashed horizontal lines
in Fig. 1 for G, χ2 and G3 statistical distributions to
produce a given amount of PBHs, ΩPBH = 10
−10. The
upper horizontal dashed lines assume no accretion and
mergers, while lower lines assume the PBH energy den-
sity grows by a factor of 105 via accretion. This highlights
two important points: i) An order unity change in the
amplitude of the primordial power spectrum modifies the
PBH amount by many more orders of magnitude (inde-
pendent of the distribution), ii) NG fluctuations can sig-
nificantly increase the efficiency of PBH production. In
other words, the same PBH abundance can be produced
by much smaller amplitude primordial density perturba-
tions if they are non-Gaussian. A consequence of this is
that both spectral distortions and the secondarily pro-
duced GWs will also have a smaller amplitude for highly
NG distributions that produce the same PBH abundance
as Gaussian distributions [13–16, 102]. Therefore, the
most conservative assumptions that allow for our conclu-
sions to be robust when these assumptions are relaxed
are to presume highly NG perturbations subject to rea-
sonable presumptions about the steepest growth.
We now turn our attention to the signatures imprinted
by enhanced primordial fluctuations onto two global cos-
1 We note that within the canonical single field regime, Refs. [98,
99] found a k5 log k2 steepest growth requiring phases of ultra
slow-roll inflation and a preceding η = −1 phase such that Pζ
grows beyond eight orders of magnitude. Restricting Pζ ≤ 1 re-
covers the k4 steepest growth. In the non-canonical context,
Ref. [100] proposed a resonant mechanism with a varying cs
resulting in sharp spikes in the power spectrum, but only if
c˙s/(Hcs) & 20, not possible within the effectively single field
regime [101], necessitating a multi-field analysis where the very
concept of an adiabatic sound speed loses meaning and would
presumably return an index consistent with [96, 97].
4mological observables: CMB spectral distortions and a
secondarily sourced gravitational wave background.
The average (monopole) µ−distortion in the CMB gen-
erated by acoustic dissipation of scalar perturbations in
the photon-baryon plasma is given by [52, 61]
〈µ〉 ' 2.3
∫ ∞
k0
dk
k
Pζ (k)W (k), (9)
where the dimensionless power spectrum is convolved
with a window function (where kˆ = k /Mpc and kˆ0 = 1)
W (k) =
exp
−
[
kˆ
1360
]2
1 +
[
kˆ
260
]0.3
+ kˆ340
− exp
−[ kˆ
32
]2
 .
(10)
µ−distortions can only be efficiently produced after z ∼
106, as Compton scattering is highly efficient at ther-
malizing the photon-baryon plasma before this epoch.
Therefore only those enhanced primordial curvature per-
turbations corresponding to comoving scales that re-enter
the horizon in the window between z ∼ 106 and recom-
bination can produce non-negligible µ−distortions. The
horizon mass associated with these scales corresponds to
PBHs in the range 10−1014M, given current constraints
and restrictions on how fast the spectrum can grow.
Scalar curvature perturbations can source tensor per-
turbations at second order, and have been the subject
of a number of studies, including Refs. [49–51] and more
recently Refs. [103–109]. For enhanced curvature pertur-
bations with a narrow width, the peak amplitude of the
induced GW background is about the square of the peak
amplitude of the scalar power spectrum. The same is
also true up to an analytically calculable pre-factor for
power-law scalar spectra [104].
For IR modes, causality dictates that the energy den-
sity in GWs scales with the third power of the frequency,
i.e. ΩGW ∝ f3 [15, 110, 111]. In the UV regime, the
GW background typically cuts-off sharply after 2kpeak
due to momentum conservation, as the interaction that
sources tensors from curvature perturbations is given by
ζ + ζ → h. Following the analytical results obtained
for arbitrary scalar power spectra elaborated upon in
Refs. [104, 112], by defining k˜ = k/kpeak and setting the
peak location of the GW background as ξ ' 1.2, we have
ΩindGWh
2
Ωrad,0h2 · P2ζ
'
(
Θ(k˜ − ξ)FIR + Θ(k˜ − ξ)FUV
)
Θ(2−k˜)
where FIR = 0.62
(
k˜/ξ
)3
and FUV = 3 k˜
2
(
1− 32 k˜2
)4
×[
pi2
4 Θ(2−
√
3 k˜) +
(
1
2 ln
∣∣∣∣1− 43k˜2
∣∣∣∣− 12− 32 k˜2
)2]
correspond to wavenumbers smaller and larger than the
peak scale of the induced GWs, respectively.
The statistical properties of the density fluctuations
also have a marked influence on the amplitude and shape
of the GW spectrum. In Ref. [15], it was shown that due
to a larger number of contractions, additional symmetry
factors and a larger number of non-vanishing diagrams,
NG density fluctuations induce a larger GW amplitude
— by a factor of a few — than those sourced by Gaussian
density fluctuations of the same amplitude.
For temporal white noise, the energy density curve for
PTA scales as the fifth power for frequencies larger than
the inverse of the observation period f ·Tobs > 1. We thus
have ΩnH
2
0 =
2pi2
3 f
3
(
12pi2f2S) = 16pi4 T λ2 f5, where
S = 2T · λ2 as the noise power spectral density [5, 113]
(see also Ref. [114]). We assume typical values for all the
parameters of the next generation PTA-SKA experiment,
namely T = 14 days as the timing period and a λ = 30ns
rms error in timing residuals. For frequencies f ·Tobs < 1,
on the other hand, the noise energy density scales as 1/f
[115–117]. In addition to this, in order to be conservative,
we choose to include the effect of red noise, which was
shown to be capable of decreasing sensitivity. We thus
multiply the white noise result with an overall factor of 9
to get our noise spectrum (although red noise is typically
more of an issue at smaller frequencies [117, 118]). The
energy density of the noise is thus expressed as
Ωn(f)h
2 ' 1.5·1030
((
sec
Tobs
)5 (
1
f · Tobs
)
+ (f · sec)5
)
.
(11)
Finally, we can express the signal-to-noise ratio (SNR)
to reject the null hypothesis of no GW signal or estimate
the signal amplitude (including the sample variance) as
SNRnull =
[
2Tobs
( N 2
2 · 48
)∫
df
(
Ωgw
Ωn
)2 ]1/2
,
SNRdet =
[
2Tobs
( N 2
2 · 48
)∫
df
(
Ωgw
Ωn + Ωgw
)2 ]1/2
(12)
where N denotes the number of pulsars, Ωnoise is the
energy density of the noise, and Ωgw is that of the signal.
The factor 2·48 in the denominator results from angular
averaging of Hellings & Downs parameters [12, 119–121].
In Fig. 1, we show the combined bounds from CMB
spectral distortions and PTA-SKA measurements on the
primordial curvature fluctuations given different statisti-
cal properties (Gaussian in red, χ2 in black and G3 in
blue). The red solid(dashed) lines on smaller wavenum-
bers indicate the 10−8 µ-distortion bounds for ∝ k4 (∝
k8). The red, green and blue solid lines at larger k corre-
spond to 3σ rejection of the null-hypothesis for Gaussian,
χ2 and G3 type perturbations, respectively. We see that
non-detection of signals by distortions and PTA-SKA
concretely rules out any relevant & 1M PBH abundance
independently from the fluctuation statistics.
Any positive detection of a CMB µ−distortion signal
or a stochastic gravitational wave background from PTA
observations will be uniquely exciting. If the signal can
be verified to result from PBHs (and not other exotics),
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FIG. 1. Primordial perturbations that will be probed with
CMB spectral distortions (SD) and PTA experiments. Solid
(dashed) lines on small wavenumbers indicate SD bounds of
10−8 for Pζ ∝ k4(k8). Solid lines at larger wavenumbers indi-
cate the PTA bounds for different fluctuation statistics (red
for Gaussian, green for χ2 and blue for G3). Dashed horizon-
tal bands indicate the amplitude of primordial perturbations
which produces ΩPBH = 10
−10 given A = 105 (lower limit)
and A = 1 (upper limit) accretion growth factors. On top,
we show the approximate current BH mass after evolution.
it will not only present a remarkable verification of the
existence of PBHs as an ingredient of our universe, but
could also shed light on the relevant interactions, the
shape of the potential or even the content of fields influ-
encing the primordial density fluctuations at scales much
smaller than hitherto probed. There is promise to be able
to distinguish between the signatures of the PBH scenario
considered here from other contributions to µ−distortion
or the GW background, especially using information from
observables such as CMB and 21-cm anisotropies, the
Lyman-α forest, etc. [36, 37, 122–125] (which are gener-
ally far more susceptible to astrophysical uncertainty). A
detailed examination of this motivates future work.
Assuming a detected signal is due to PBHs, we show in
Fig. 2 — focusing specifically on the capabilities of PTA-
SKA — our forecast sensitivity to the amplitude of the
GW signal (see SNRdet in Eq. (12)). The most interesting
mass range for massive SMBH seeds isO(1−105)M. We
see that with decades of observation, it will be possible
to detect via the induced GW background a primordial
signal which produces PBHs in the mass range 1−104M
amounting to anything between an O(1) fraction of the
total dark matter to only trace amounts of it, O(10−10),
also for extreme statistical distributions. For higher mass
seeds, the detection can be done by spectral distortions.
To conclude, combined results from next-generation
CMB spectral distortion and PTA experiments will be
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FIG. 2. PTAs can detect PBH seeds for the mass range of
O(1−105)M independent of the statistical properties of the
fluctuations, be they Gaussian, χ2, or cubic non-Gaussian.
Solid and dashed lines correspond to ΩPBH ∼ 10−10 and ΩDM
respectively.
uniquely capable of detecting small scale primordial fluc-
tuations which might result in primordial black holes
formed from enhanced primordial fluctuations as a pos-
sible ingredient of the total matter in the Universe. We
have studied the experimental sensitivity to their signa-
tures taking into account the induced GW shape, the sta-
tistical properties of density perturbations, pulsar num-
ber and red noise contamination, and applied conserva-
tive choices throughout in order to make our claims as
robust as possible (we easily expect both constraints and
measurement uncertainties to have bolder significance).
As we have shown, non-detection of spectral distortion
or GWB signatures of PBHs from enhanced primordial
fluctuations will have important consequences, namely
that PBHs larger than a fraction of solar mass cannot
constitute a relevant fraction of the cosmic energy bud-
get. This will strongly rule out the scenario whereby
PBHs originating from enhanced primordial fluctuations
in the early Universe provided the seeds for SMBHs.
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